The three-particle N ππ state contribution to the QCD two-point function of standard nucleon interpolating fields is computed to leading order in chiral perturbation theory. Using the experimental values for two low-energy coefficients the impact of this contribution on lattice QCD calculations of the nucleon mass is estimated. The impact is found to be at the per mille level at most and negligible in practice.
I. INTRODUCTION
In a recent paper [1] (see also [2, 3] ) Cè, Giusti and Schaefer proposed a factorization of the gauge field dependence of the fermion determinant in lattice QCD. Together with the factorization of the propagator [4] this allows the use of multi-level Monte-Carlo sampling methods in the calculation of correlation functions that suffer from large statistical uncertainties due to the signal-to-noise problem [5, 6] . First tests of this proposal are encouraging [1] , and one can expect significantly reduced statistical errors in lattice computations of many phenomenologically interesting observables.
Smaller statistical errors imply that more sources of systematic uncertainty need to be considered that used to be negligible before. An example is the excited state contamination in correlation functions that are measured to calculate physical observables. With the up and down quark masses at their physical value multi-particle states with additional pions are a non-negligible source of systematic uncertainty. Recent calculations [7, 8] in chiral perturbation theory (ChPT) [9] [10] [11] suggest a 5-10% overestimation of various nucleon observables (nucleon charges, moments of structure functions) by lattice calculations, caused by the two-particle nucleon-pion (N π) state contribution to 3-point (pt) correlation functions.
The N π contribution can be expected to be the dominant multi-hadron state contribution at large time separations, but there are other contributions as well. The ∆π contribution to the effective nucleon mass and the axial charge was calculated within heavy baryon ChPT in Refs. [12, 13] and found to be significantly smaller then the N π contribution. Also the N ππ contribution is expected to be much smaller since it is a three-particle-state contribution. However, it is unknown how large it actually is, and simple estimates based on the expected O(1/L 6 ) suppression of the finite volume matrix elements can be quite misleading. The multi-particle-state contribution is not a finite volume effect that vanishes in the infinite volume limit; it is a non-vanishing cumulative contribution caused by a large number of states even in volumes of moderate size with M π L = 4, for instance.
Here we report the results of a ChPT calculation of the N ππ contribution to the nucleon 2-pt function and the nucleon effective mass. The computation is analogous to the calculation of the N π contribution in Ref. [14] . To LO in the chiral expansion the N ππ contribution depends on two LO low-energy coefficients (LECs) only, the nucleon axial charge and the pion decay constant. Taking the known experimental values as input the impact of the N ππ contribution on lattice calculations of the nucleon mass can be estimated. We find it to be at the per mille level for source-sink separations of 1.2 fm and larger. This is indeed very small and lattice data with statistical error at sub per mille level are needed to be sensitive to the N ππ contribution. Since statistical errors at present are much larger the N ππ contribution can be safely ignored. Although here we consider the 2-pt function only it seems safe to assume that the N ππ contribution to nucleon 3-pt functions is similarly suppressed and negligible too.
The calculation of the N ππ contribution is very similar to the analogous one in Ref. [14] of the N π contribution. We also refer to recent reviews [15, 16] for the general strategy and setup of this kind of calculations. Here we will be brief and focus on the particular aspects of the three-particle N ππ contribution.
II. N ππ CONTRIBUTION TO THE NUCLEON 2-PT FUNCTION

A. Setup
We consider QCD with equal up and down quark masses. The spatial volume is assumed to be finite with spatial extent L, and periodic boundary conditions are imposed in each direction. The euclidean time extent is taken infinite, for simplicity.
We are interested in the 2-pt function of nucleon interpolating fields N, N with positive parity,
with Γ = (1 + γ 0 )/4. We assume N, N to be given by the standard local 3-quark operators without derivatives [17] . We can also allow for smeared quark fields provided a) the smearing method is compatible with chiral symmetry 1 and b) the "size" of the smeared interpolating fields is much smaller than the Compton wavelength of the pion. If that is the case smeared interpolating fields are mapped to the same point-like expressions in ChPT as their local counterparts [14, 22] .
Performing the usual spectral decomposition in (2.1) for large euclidean times t 0 the dominant contribution stems from the single-nucleon state |N ( p = 0) describing the nucleon at rest,
dropping off with the nucleon mass M N . The interpolating field excites other states with the quantum numbers of the nucleon as well. For small physical pion masses the dominant multi-hadron states are those containing the nucleon and additional light pions. For the three-particle N ππ state contribution we find
3)
The spatial momenta q, r refer to the momenta of the two pions, the nucleon momentum p is fixed by momentum conservation, p = − q − r. The energy E tot denotes the total energy of the 3-particle state. For weakly interacting pions it approximately equals the sum of the individual hadron energies. The sum in (2.3) runs over all momenta compatible with the periodic boundary conditions that we have assumed to be imposed, i.e.
with the two vectors n q , n r having integer valued components. The absolute values of the pion momenta can be labelled by integers n q , n r , defined according to
and analogously for r. 
B. Chiral Perturbation Theory
Correlation functions like the 2-pt function of the previous section can be computed perturbatively in ChPT, provided the time separation t is sufficiently large such that the correlation function is dominated by the light pions. Here we employ the covariant formulation of SU(2) Baryon ChPT (BChPT) to leading order in the chiral expansion [23, 24] . To this order the effective Lagrangian is the sum of two parts,
ππ . The latter one, L (2) ππ , denotes the two-flavor mesonic chiral Lagrangian to LO [25] . The first part, L N π , contains the nucleon fields and their coupling to the pions. We assume isospin symmetry, thus the effective theory contains three mass degenerate pions π a , a = 1, 2, 3, and the nucleon doublet Ψ = (p, n)
T with the fields for the mass degenerate proton and neutron. Expanding the chiral effective Lagrangian and keeping interaction terms with up to two pion fields we find the interaction Lagrangian to be given by
It involves the LO LECs g A and f , the chiral limit values of the axial charge and the pion decay constant. Since we work to LO it is consistent to replace these by their experimental values. With our conventions these are g A = 1.2727 and f π = 92.4MeV. In a similar fashion we expand the ChPT expressions for the nucleon interpolating fields derived in Ref. [26] . To LO and up to two pion fields we obtain
Hereα,β are the LECs associated with the interpolating fields. If the same interpolating fields are used at source and sink the LECs are the same,α =β. The expressions in (2.7), (2.8) are the effective fields for both point-like and smeared fields provided the smearing procedure is compatible with chiral symmetry and "smearing radii" small compared to the pion Compton wavelength. Any differences between point like and smeared interpolating fields are encoded in different values for the LECsα,β only. For physical pion masses the pion Compton wavelength is about 1.4 fm, thus one expects the expressions in (2.7) to be valid for smearing radii of a few tenths of a fermi. 
C. The N ππ contribution in the 2-pt function
With the expressions (2.6) -(2.8) it is straightforward to compute the 2-pt function perturbatively. The first contribution stems from the Feynman diagram in fig. 1 . It is essentially the nucleon propagator and leads to the leading single-nucleon-state contribution in the 2-pt function, G
In case of the same interpolating fields at source and sink we can compare this expression with eq. (2.2) and find the relation between the LEC |α| and the matrix element in (2.2).
The leading contribution to the three-particle N ππ contribution G N ππ 2pt stems from the diagrams in fig. 2 . Although 2-loop diagrams their N ππ contribution does not involve any summation over some undetermined loop momentum, so we essentially perform a tree-level calculation.
In order to present the results we introduce some useful notation. The N ππ contribution to the 2-pt function is of the following general form:
To the order we are working the energy E tot is just the sum of the individual hadron energies,
The coefficients c q, r in (2.10) are the non-trivial result of the calculation presented here. It is convenient to write them as a product of some universal factor and some "reduced" coefficients C q, r ,
The fraction on the right hand side contains the expected 1/L 6 dependence of a 3-particle state in a finite spatial volume, cf. eq. (2.3). The inverse mass dimensions combine with the pion decay constant f 4 and the pion energies to the dimensionless combination in the denominator. The factor 3 in the numerator simply counts the number of pions in the 2-flavor theory. The numerical factor 128 in the denominator is chosen such that the reduced coefficient C 0,0 of the state with all three particles at rest is equal to one in the infinite nucleon mass limit, see below.
The reduced coefficients are dimensionless and depend on (ratios of) the momenta, energies and masses of the pions and the nucleon. In addition they depend on the dimensionless LEC g A . The results for the coefficients C q, r are quite cumbersome except for some special cases where one or all three particles are at rest. For this reason we perform the non-relativistic expansion of the nucleon energy and keep only the first two terms in this expansion. The truncation error caused by this expansion is expected to be much smaller than the higher order corrections to our LO results, so for our purposes this non-relativistic approximation should be more than sufficient. Explicitly, we expand
in the coefficients C q, r and drop all contributions of O(1/M 2 N ) and higher. The results we obtain this way are given according to
14)
The coefficients C ∞ q, r , C corr q, r depend only on the momenta, energies and mass of the pion, and on the LEC g A . Thus they are finite in the limit M N → ∞, and C ∞ q, r is the infinite-nucleonmass limit of the coefficients.
For later reference we quote the result for the simplest case separately, namely the one with all three particles at rest. This state has the lowest energy of all N ππ states, and for this contribution we find
As mentioned earlier, the result C ∞ 0,0 = 1 is a consequence of the particular normalization in (2.12), i.e. the presence of the numerical prefactor 3/128 in the universal factor. This definition ensures that the reduced coefficients are of O(1). 3 Rotation invariance implies that the result for the general case with non-vanishing pion momenta q and r can depend only on q 2 = q · q, r 2 = r · r and q · r (the pion energies are determined by eq. (2.11)). In terms of these variables we find the result q, r is somewhat lengthier and given in appendix A. We will see in the next section that it amounts to a thirty percent correction to the leading result based on the coefficients (2.16).
The non-relativistic expansion in (2.14) simplifies significantly the calculation and the results for the coefficients C q, r . In particular, diagrams k) -r) in fig. 2 start contributing at O(1/M N ) only. These diagrams have a single N π-vertex from the interpolating fields in common. This vertex involves a single γ 5 matrix, thus it is O(1/M N ) suppressed [28] . Diagram s) involves two of these vertices. It is found to be of O(1/M 2 N ) and does not contribute to the order we are working here.
D. Impact on lattice calculations
Let us estimate the impact of the N ππ state contribution on lattice calculations of the nucleon mass. The nucleon mass is usually obtained from the effective mass, the negative time derivative of ln G 2pt (t). With (2.9) and (2.10) we obtain 17) with the coefficients d q, r being related to the previously defined ones according to Note that the e↵ective mass does not depend on the LO LECs↵,˜ associated with the nucleon interpolating fields. These are overall factors in the 2-pt function and drop out in the e↵ective mass. Thus, the N⇡⇡ contribution with coe cients dq ,r to LO is the universal contribution valid for both local and smeared interpolating fields. This universality property will be lost only at higher order in the chiral expansion where additional LECs will enter the chiral expressions for the nucleon interpolating fields and the final result for the e↵ective mass.
To LO the N⇡⇡ contribution depends on the pion and nucleon masses, the spatial extent L, and on the LECs g A and f ⇡ . These LECs are experimentally very well known [29] . Using the experimental values 1.27 and 93 MeV as input in the ChPT result we can estimate the impact of the three-particle N⇡⇡ states in lattice calculations of the nucleon mass. The only free parameter we need to fix is L. If not specified otherwise we do this by choosing the common value M ⇡ L = 4 for physical pion mass M ⇡ = 140 MeV. The nucleon mass is given by M N = 940 MeV. Fig. 3 shows the ratio M e↵ (t)/M N as a function of euclidean time t. Without any excited state contribution this ratio would be constant and equal to 1. The figure shows the deviations from 1 due to the N⇡⇡ contribution with various upper bounds for the two pion momenta. Displayed are the results for n q , n r  n max for n max = 1 (gray curve) up to n max = 8 (purple curve). 4 These numbers can be translated into values for the expansion parameter p n /⇤ of finite volume ChPT, with ⇤ being the chiral scale usually identified with 4⇡f ⇡ ⇡ 1.2 GeV [30] . For M ⇡ L = 4 the values n max = 2 and 5 correspond to p nmax /⇤ ⇡ 0.3 and 0.45, respectively [14] .
For ChPT to give trustworthy results the time separation t needs to be su ciently large 4 See appendix B for some details. Note that the effective mass does not depend on the LO LECsα,β associated with the nucleon interpolating fields. These are overall factors in the 2-pt function and drop out in the effective mass. Thus, the N ππ contribution with coefficients d q, r to LO is the universal contribution valid for both local and smeared interpolating fields. This universality property will be lost only at higher order in the chiral expansion where additional LECs will enter the chiral expressions for the nucleon interpolating fields and the final result for the effective mass.
To LO the N ππ contribution depends on the pion and nucleon masses, the spatial extent L, and on the LECs g A and f π . These LECs are experimentally very well known [29] . Using the experimental values 1.27 and 93 MeV as input in the ChPT result we can estimate the impact of the three-particle N ππ states in lattice calculations of the nucleon mass. The only free parameter we need to fix is L. If not specified otherwise we do this by choosing the common value M π L = 4 for physical pion mass M π = 140 MeV. The nucleon mass is given by M N = 940 MeV. Fig. 3 shows the ratio M eff (t)/M N as a function of euclidean time t. Without any excited state contribution this ratio would be constant and equal to 1. The figure shows the deviations from 1 due to the N ππ contribution with various upper bounds for the two pion momenta. Displayed are the results for n q , n r ≤ n max for n max = 1 (gray curve) up to n max = 8 (purple curve). 4 These numbers can be translated into values for the expansion parameter p n /Λ χ of finite volume ChPT, with Λ χ being the chiral scale usually identified with 4πf π ≈ 1.2 GeV [30] . For M π L = 4 the values n max = 2 and 5 correspond to p nmax /Λ χ ≈ 0.3 and 0.45, respectively [14] .
For ChPT to give trustworthy results the time separation t needs to be sufficiently large such that the low-momentum N ππ contribution dominates the high-momentum contribution such that the low-momentum N⇡⇡ contribution dominates the high-momentum contribution which is not well captured by ChPT. In that case the latter can be ignored with a small truncation error. Looking at fig. 3 one can expect this to be the case for t about 1.2 fm and larger. There is no need to be more precise here, since the N⇡⇡ contribution is of order 10 4 for these times. Even if we allow for a generous factor 2 due to the higher momentum states and an additional factor 2 for the higher order chiral corrections the N⇡⇡ contribution to the e↵ective mass is 10 3 at most. Consequently, the N⇡⇡ contribution can be safely neglected unless lattice data with statistical errors at the sub per mille level are available.
The two-particle N⇡ contribution was observed to be essentially independent of the spatial volume provided the number of states taken into account is appropriately adjusted as L is changed. The same holds for the three-particle N⇡⇡ contribution, as fig. 4 shows. The N⇡⇡ contribution is displayed for various spatial volumes: -dashed lines) . The upper bounds for the pion momenta correspond to n max = 1 and 2, n max = 1 and 3, n max = 2 and 5 and n max = 4 and 8, respectively. These di↵erent values correspond to approximately the same bounds for the momenta in physical units, namely the values p nmax /⇤ = 0.3 and 0.45. 5 While there is still some FV dependence visible for the smaller momentum bound (black lines), the di↵erences between curves for the second momentum bound (blue lines) are very small. Comparing the results for the largest two volumes the di↵erences are barely visible and we may conclude that the results for volumes with mL = 4 capture the infinite- 5 See also table 1 in Ref. [15] .
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FIG. 4: The ratio
and M π L = 5 (short-dashed). The upper bounds on the pion momenta are n max = 1, 1, 2 and 4 (black) and n max = 2, 3, 5 and 8 (blue), respectively. These values correspond to approximately the same bounds for the momenta in physical units. For the larger of the two bounds the N ππ contribution is essentially volume independent.
which is not well captured by ChPT. In that case the latter can be ignored with a small truncation error. Looking at fig. 3 one can expect this to be the case for t about 1.2 fm and larger. There is no need to be more precise here, since the N ππ contribution is of order 10 −4 for these times. Even if we allow for a generous factor 2 due to the higher momentum states and an additional factor 2 for the higher order chiral corrections the N ππ contribution to the effective mass is 10 −3 at most. Consequently, the N ππ contribution can be safely neglected unless lattice data with statistical errors at the sub per mille level are available.
The two-particle N π contribution was observed to be essentially independent of the spatial volume provided the number of states taken into account is appropriately adjusted as L is changed. The same holds for the three-particle N ππ contribution, as fig. 4 shows. The N ππ contribution is displayed for various spatial volumes:
and M π L = 5 (short-dashed lines). The upper bounds for the pion momenta correspond to n max = 1 and 2, n max = 1 and 3, n max = 2 and 5 and n max = 4 and 8, respectively. These different values correspond to approximately the same bounds for the momenta in physical units, namely the values p nmax /Λ χ = 0.3 and 0.45. 5 While there is still some FV dependence visible for the smaller momentum bound (black lines), the differences between curves for the larger momentum bound (blue lines) are very small. Comparing the results for the largest two volumes the differences are barely visible and we may conclude that the results for volumes with M π L = 4 capture the infinitevolume result already very well. Note, however, that the weak volume dependence will be lost if n max is kept fixed as the volume is changed. In that case a strong volume dependence, volume result surprisingly well. Note, however, that the weak volume dependence will be lost if n max is kept fixed as the volume is changed. In that case a strong volume dependence, stemming essentially from the 1/L 6 dependence in the coe cients cq ,r , is clearly visible in the N⇡⇡ contribution when L is changed.
Although small the N⇡⇡ contribution is much larger than naive estimates may suggest. For example, the contribution (2.15) of the lowest N⇡⇡ state with all three particles at rest results in a mere 1.37 ⇥ 10 6 to the ratio M e↵ (t)/M N at t = 1.2 fm for M ⇡ L = 4. This is a factor 90 times smaller than the total contribution of all N⇡⇡ states with n max = 5 (cf. solid blue line in fig. 4 ). The contribution of the single N⇡⇡ state drops even further to 3.59 ⇥ 10 7 for M ⇡ L = 5, and the factor 90 increases to about 350. These substantial factors stem from the large number of N⇡⇡ states that contribute significantly to the sum in (2.10) already at moderatly large spatial volumes.
Our next comment concerns the size of the O(1/M N ) correction in our results. Figure 5 shows, for M ⇡ L = 4, the N⇡⇡ contribution with (solid lines) and without (dashed lines) the correction term C corr q ,r in the coe cients, cf. (2.14). The results are shown for two di↵erent upper momentum bounds, n max = 2 (black lines) and n max = 5 (blue lines). The O(1/M N ) correction amounts in an approximately 30% decrease of the infinite-nucleon-mass result. The size of this correction agrees with naive expectations, but the sign of the correction is a priori not known.
In this paper we are mainly interested in the total N⇡⇡ state contamination in the nucleon 2-pt fuction, which is the cumulative contribution of a substantial number of low-momentum N⇡⇡ states. However, it is worth mentioning that the generalized eigenvalue method [31] allows to determine ratios of matrix elements with individual N⇡⇡ states and the single nucleon state, and these ratios can be directly compared with the ChPT results for the stemming essentially from the 1/L 6 dependence in the coefficients c q, r , is clearly visible in the N ππ contribution when L is changed.
Although small the N ππ contribution is much larger than naive estimates may suggest. For example, the contribution (2.15) of the lowest N ππ state with all three particles at rest results in a mere 1.37 × 10 −6 to the ratio M eff (t)/M N at t = 1.2 fm for M π L = 4. This is a factor 90 times smaller than the total contribution of all N ππ states with n max = 5 (cf. solid blue line in fig. 4 ). The contribution of the single N ππ state drops even further to 3.59 × 10 −7 for M π L = 5, and the factor 90 increases to about 350. These substantial factors stem from the large number of N ππ states that contribute significantly to the sum in (2.10) already at moderatly large spatial volumes. In this paper we are mainly interested in the total N ππ state contamination in the nucleon 2-pt fuction, which is the cumulative contribution of a substantial number of low-momentum N ππ states. However, it is worth mentioning that the generalized eigenvalue method [31] allows to determine ratios of matrix elements with individual N ππ states and the single nucleon state, and these ratios can be directly compared with the ChPT results for the coefficients c q, r in (2.10).
In a recent paper [32] a correlation matrix involving five interpolating fields was computed and analyzed. The calculation is based on the PACS-CS ensemble of gauge configurations with M π ≈ 156 MeV and L ≈ 2.9 fm [33] , and the numerical result is found [34] . and agrees with (2.19) within the large numerical error. Although encouraging the comparison is not unproblematic in this particular case: The smearing radii of the smeared interpolating fields used in [32] exceed 0.5 fm and are uncomfortably large, while the value M π L ≈ 2.2 is rather small for ChPT to be in the p-regime. Thus, one would not be too surprised to see a sizable discrepancy between the numerical and the ChPT result if the statistical error were smaller.
III. CONCLUSIONS
The LO ChPT results for the N ππ contribution to the nucleon 2-pt function are very small. Unless lattice data with sub per mille precision are available the N ππ contribution to the effective nucleon mass can be safely ignored. The only contribution relevant in practice will be the two-particle N π contribution [13, 14] . Although small as well it is about a hundred times larger than the N ππ contribution and affects the effective mass at the percent level.
Based on the results shown here we can expect the N ππ contribution to nucleon 3-pt functions to be small and negligible as well. The two-particle N π contribution in the determination of various nucleon charges and moments of structure functions was shown to be at the 5-10% level for source-sink separations of 2 fm [7, 8] . If we assume the same suppression factor that we found in the 2-pt function we can estimate the N ππ contribution in calculations of the nucleon charges and moments to be at the per mille level. Once again this is completely negligible in practice at the moment.
The excited-state contribution in the plateau estimate of the axial charge is rather peculiar. Existing lattice data underestimate the experimental value for source-sink separations less than about 1.5 fm, while for 2 fm and larger the LO ChPT result for the N π contribution predicts an overestimation by lattice calculations. This behavior is not seen for other observables like the average quark momentum fraction or the helicity moment [15, 16] . The most likely explanation are excited states other than the two-particle N π states that provide an additional negative excited-state contribution to the plateau estimate. Whether this is correct and, if correct, which states these are is unknown to date, but based on the results presented here the three-particle N ππ states can essentially be ruled out as potential candidates. π, r 
The result simplifies significantly for some special cases. If both pions are at rest, only the c 0 term contributes to C corr 0,0 and we obtain the simple result given in (2.15) . In case at least one pion is at rest only two terms (proportional to c 0 and either c q 2 or c r 2 ) provide a non-vanishing contribution.
Appendix B: Degeneracies of the lowest 3-particle states
The sum in (2.17) runs over the two pion momenta q, r that are allowed by the spatial boundary conditions. In case of periodic boundary conditions these are given in (2.4) with integer-valued vectors n q , n r . To get a sum over a finite number of low-momentum pion states we impose an upper bound Λ max on the absolute values of the pion momenta. Once the spatial extent L is fixed this is done by imposing a bound n max on the integers n q and n r , defined in (2.5).
Symmetry under the O 3 group implies that the sum over the pion momenta q, r simplifies to a 3-fold sum over the discrete values for | q|, | r| and the scalar product q · r. Since the nucleon momentum p is fixed by momentum conservation, p = − q − r, the scalar product can be replaced by | p|. In that representation the momentum sum in (2.17) is replaced by 
Here n p runs over a finite number of allowed integers, determined by n p = n q + n r + 2 n q · n r .
m(n p ) gives the multiplicities of the particular three-particle state with given values n q , n r and n p , i.e. it counts the number of ways one can find three integer-valued vectors n p , n q , n r with given values n p , n q , n r that add up to zero, n p + n q + n r = 0. As long as n q , n r are sufficiently small n p and m(n p ) are straightforwardly computed by explicit calculations of (B2). The results are summarized for 1 ≤ n q , n r ≤ 8 in tables I and II (note that no vector with n q , n r = 7 exists). In case either n q or n r equals zero one of the pions is at rest and the nucleon momentum is opposite to the non-zero pion momentum.
